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Abst ract - - In  this paper, we study a modelization of the turbulence which allows us to have a 
control on the positivity of the kinetic turbulence nergy k and the dissipation growth rate of the 
energy e. We use for that purpose the maximum principle on a new system modelling the turbulence, 
written on the variables 0 and ¢ first introduced by Lewandowski (O = k/e, ¢ = e2/k3). 
Estimates on O and ¢ are given for a turbulent system with a Rayleigh-Taylor type term uuder 
a hypothesis of low compressibility of the mean flow, which is more general than the hypothesis of 
Lewandowski. 
In a second part, we study a simpler convection diffusion system (the diffusion is a constant) in 
which there is still the Rayleigh-Taylor term. We show that the presence of this term gives greater 
solutions of the k, e system, hence proving that these terms are turbulent kinetic energy production 
terms. (~ 2002 Elsevier Science Ltd. All rights reserved. 
Keywords - -Turbu lence ,  Maximum principle, Instability, Diffusion, Models. 
1. INTRODUCTION 
The system of k-e equations is t radi t ional ly  used in aerodynamics to model  the turbulence (see, 
for example,  [1-4]). In this short note, we consider a general izat ion of this system introduced 
by Bonnet  and Gauth ier  I5] (following many authors) for the model l ing of the turbulence in 
the ablat ion region for inertial confinement fusion problems ( ICF).  This ablat ion region can be  
considered as a mixing region. We consider here only the two equations on k and e (which is 
the s i tuat ion where the hydrodynamics  quantit ies are known) for which the source term is more 
general  than in the aerodynamics k-e system. Most of the results of this paper  appeared in [6]. 
The author wishes to thank C. Bardos, O. Pironneau, and B. Scheurer for their useful comments and stimulating 
remarks. 
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In this note, this system of equations on k has a more general form than in [3], because it 
takes into account a compressible mean flow u(x, t) as well as different production terms, induced 
by the P~yleigh-Taylor instability. We assume that (u(x,t),p(x,t)) are the mean velocity and 
the mean density in the plasma and are solutions of the Navier-Stokes equations. We denote 
by D(x, t) = div u(x, t) the divergence of the velocity. 
From the statistical theory of the Navier-Stokes equations (see [2]), there exists a function 
H(x, t), deduced from the statistical velocity, such that H(x, t) >_ (2/3) (D(x, t)) 2. 
We introduce six positive constants C1, C2, C3, CD, C,, Ck, and we consider the system, where 
F1 and F2 are given below: 
Otk + u(x, t)Vxk 
0,~ + u(x, t)V~c 
1 ( CDk 2 ) 2 k 2 
- -  - -  Vxk  = -e  - D(x , t )k  + CD - -  F l (x , t ) ,  p(z,t) div p(x,t) ~k e 
1 k 2 ) 
p(x, t) div --v Vx~ = -62  -ff + C1CDF2(x , t)k 
-- 2 (e l  3- C3)D(x, t).~. 
3 
(1) 
In the case of the aerodynamics turbulence system, we have D(x, t) = O, Fl(x, t) = H(x, t), 
F2(x, t) = Fl(X, t). The function H(x, t) stays positive and system (1) is the classical one. 
For the modelling of the turbulence in a mixing region, phenomenon which arises in the ICF, 
we introduce a new term, called the Rayleigh-Taylor term, RT(x,t) =- (1/ap)(Vp(x,t)Vp(x,t)/ 
(p(x,t))2). The form of the term RT(x,t) comes from the production term in equations (15) 
and (16) of [5]. It is called Rayleigh-Taylor term because its contribution behaves as a gravity force 
from a heavy fluid to a light one. In this new system, the subscript _ stands for min(0, RT(x,t))  
and we have 
F l (x ,  t)  = F (z ,  t )  - (RT(z, t))_, co (RT(z, t))_, F2(z,t) = F(x , t )  - (2) 
where F(x, t) = H(x, t) - (2/3)(D(x, t)) 2. 
The system of equations obtained on 0 and 4 such that 
k g2 
o = 4 = (3) 
can be approached, as in [4], by the following system, which models the behavior of 0 and of 4: 
(CDVO'~= 02(e3F(x,t) e~(RT(x,t))_)+egOD(x,t), 0~0 + u(x, t)VO - div \ Co04 ,I c6 - 
l evy4)  = Ot4+u(x , t )V4-  div \ CO04 I -4  [csO -1 +O(c6F(x,t) - c~(RT(x,t))_) - cloD(x,t)]. 
(4) 
Note that the source terms on the equations on 0 and on ¢ axe different from the usual source 
terms (owing to the terms cgOD(x, t) and cl0D(x, t)). 
In this note, we extend to system (4) the methods of Lewandowski and Mohammadi [4]. For 
this purpose, we consider (as in [1,4]) a weak solution (0, ¢) of system (4). We prove, under a 
hypothesis of low compressibility of the mean flow, that such a solution exists, that 0 and 4 stay 
positive and bounded, and that, moreover, ¢ is bounded below by an exponential Ce-~L Hence, 
k and c, which are given by 
k = 0- -24  -1  , g = 0- -34 -1  (5) 
stay positive, are bounded below and are smaller than Ce ~t. 
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We denote by (6) the system with no Rayleigh-Taylor term, that is system (1) with F°(x, t) = 
F(x, t) and F°(x, t) = F°(x, t): 
1 
Otk + u(x, t)V~k p(x, t) 
1 
0,~ + ~(x,t)Vx~ p(x,t) 
__  d iv (p(x , t )  CD k2 ) 2 k s -~- Vxk = -~ - ~ D(x, t)k + Co --E F(x, t) 
( C~k 2 ) ~2 
div p(x, t) -~  ~- Vx¢ -~ -C2 -~ + C1CDF(x, t)k 
_ 2 (C1 + Ca)D(x, t)~. 
3 
(6) 
The second goal of this note is to prove that the term (RT(x, t))_ in system (1) is a term 
of production of turbulence. More precisely, we consider system (1) and system (6) with the 
same initial and boundary data. We replace the problem on (k, ¢) by a problem on (0, ¢), 
and we consider a simplified version of (1), that is, (15) (respectively, of (6), that is, (16)). 
The solution (k,~) of system (15) and the solution (k(°),e (°)) of system (16) satisfy k > k (°) 
and E :> ~(0). 
Finally, we notice that ~ and ¢ are not arbitrary variables, they have a physical meaning. 
Following [7], w -- O -1 is a characteristic time of the turbulent system, and L -- ¢-1/2 is a 
characteristic length of the turbulent system. Both quantities axe introduced by the physicists 
in this set up. Some models of turbulence assume that L is fixed, other models assume that the 
good unknowns are k and 0-1. Note that the inequalities proven in this paper seem to mean 
that the characteristic time of the turbulence is bounded, though the characteristic length of the 
turbulence region seems to grow exponentially. This is consistent from an intuitive point of view. 
We prove, in what follows, mathematical properties of the solutions of (1). 
2. SYSTEM OF EQUATIONS ON O AND ¢ 
The first step of this analysis is to consider the system of equations atisfied by 0 and ¢. The 
most difficult part of the analysis is to transform the diffusion term. This is not the aim of this 
paper, and we intend to consider it as a step of our modeling. This comes from the fact that the 
system of equations on k, ¢ is already a model for the turbulence, and we propose another model, 
associated with the simplest quantities constructed with k and e as a length and a time. In this 
case, getting rid of the diffusion term, the linear system with nonlinear source terms associated 
with k and e is 
2 k s 
a,k + u(x, t)V~k = -~ - ~ D(x, t)k + C~ --~ F~(x, t), 
¢ 2 2 
0,~ + u(x, t) V~¢ = -C~ -~ + C~ CDF2(x, t)k - ~ (Cl + Cs)D(x, t)~. 
Hence, 0,~ + u(x, t)U8 = O,(k/s) + u(x, t)Vx# = t?[(O,k + u(x, t)Wxk)/k - (0,¢ + Wxe)/¢], 
o,e+ u(x,t)v.e [(% (01 1)o.F2(x,0 ks k] . . . . .  + (01 + Os - 1)D(x,t) 
2 
= C2 - 1 - (C1 - 1)CDF2(x, t)82 + -~ (C1 + C3 - 1)D(x, t)t?. 
Similarly, 
a,¢ + u(x, t)vx¢(x, t) = (0, + uV) V = V - , 
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which gives the equation 
=-¢ 
+2 
We introduce the set of constants: 
~3~¢ + u(x, t)V~¢(z, t) --- ¢ 2 _~-I + CDFI(x, t)8 - 
-- 3 --620 -1 -t-CDC1F2(x,t)O- 
(2 - + CD(2FI(z, t) -- 3CIF2(x, t))O 3C2)# -1 
<l - 2 (Cl + C3)) D(x,t)] . 
c5 =C2-  1, 
c3 = (C~ - 1)CD, 
, Co(C~- -Z)Co  
C 3 -~ 61  ' 
2 
c9 = -~ (c~ + c3  - 1), 
cs =C2 -1 ,  
c6 = 2 - 3C1, 
c~ =2-3Co,  
c~o=2 1-g(C~+C3)  , 
12c~cs 
~1 = 3c12 ° -t- 8c0es" 
We assume that all the constants are positive. 
We model the term of diffusion by -d iv  ((CD/Co)(1/O¢)VO) in the equation for 0 and 
- div ((CD/C¢) (1/0¢) V¢) in the equation for ~b. We obtain system (4) on which we consider 
the boundary and Cauchy conditions used by Lewaadowski 
¢(x,0) = ¢0(x), ¢(z , t ) l~eo~ = ao, 
8(x, O) = 8o(x), O(x, t)[xeof~ = bo, (7) 
where ao and bo are two constants, and ~0, ¢o are two functions assumed to be in L°°(f~)NHI(~), 
satisfying the condition O0(x) >_ boVx E fl and ¢0(x) >_ aoVx • fl. This system of boundary 
conditions is equivalent to the system of boundary and Cauchy conditions for k and ¢ which 
follows: 
1 1 
k(z,0) = (eo(z))2¢0(~), ~(x,0) = (e0(x)p¢0(x)'  
1 1 
k(x, t)lon -- u50~%' s(x, t)lon = °sao~n:-" 
3. BOUNDS FOR.  0 AND 4) 
(8) 
In this section, we state a result of the existence and boundedness of a weak solution of sys- 
tem (4) under the Cauchy and boundary conditions (7). The proof of this result is an adaptation 
of the proof of [4], and is given in [6]. We have (Q stands for f~ x [O,T]) 
cs q-c6H(x,t)O-cloD(x,t) > 0V(0, x,t)  E R~. ×Q. (9) (V(x,t) • Q,(D(x,t)) 2 <_ ~lH(x,t)) ~ ~ 
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This means that, under the hypothesis of low compressibility of the mean flow, the source term 
of the equation for ¢ is of the form -¢ (x ,  t )S(x,  t, 8(x, t)), where S stays positive. 
We introduce 
c9D(x, t) + (c~(D(x, t))2 + 4c5 (c3f(x,  t) - da (aW(x ,t))_ ) )1 /2  
a(x,t )  = 
2 (c3F(z, t) - d3(RW(z, t))_) 
a = min a(x, t), 
(x,t)enx [0,T] (10) 
A = max a(x,t) ,  
(x,t)Enx [0,T] 
A = cs + c6A max (c3E(x, t) - c~(RT(x, t))_) + ClO max ID(x, t) l. 
a (x,t)e ~ x [0,T] (x,t)e~ x [0,T] 
We have the following proposition. 
PROPOSITION 3.1. Under the hypotheses 
V(z,t) E ~ x [0, T], (D(z , t ) )  2 < a lg (x , t )  (H1) 
(low compressible mean flow), 
bo • [a,A] and V(x,t) • 0~ x [0, T], a <_ 8o(x) < A (H2) 
(boundary and initial value of the inverse of the characteristic time bounded), 
D(x , t )  • L 2 ([0, T ] ,L~(~) ) ,F (x , t )  • L2([O,T],L~(Q)), 
(RT)_ (x , t )  • n 2 ([0, T] ,L°°(Q)) ,u(x,t )  • L°°([0, T] x Q)AL  °° ([0, T] ,HI(Q))  (H3) 
(regularity hypotheses on the mean flow), 
8o,8t • L~(~)  n H ' (~)  (Hd) 
(regularity of the initial values of the turbulent quantities), 
condition of boundedness of the diffusion constant (C) (see below), (Hh) 
there exists a weak solution of the system of equations (4) with the boundary conditions (7) such 
that 
O and ¢ • L°°([0, T] x ~)QL  2 ([0,T] ,g l ( f l ) )  QC([O,T] ,L2(~)) .  
The weak solutions satisfy 
V (x, t) • f~ x [0, T], a _< 8(x, t) _< A, 
V(z,t)  • ~ x [0, T], aoe -At <_ ¢(x,t) _< max ¢0(x). (11) 
xE~ 
Note that this proposition tends to show that the characteristic length of the turbulent system, 
which is L -- 1/¢ 2, can grow exponentially, whereas the characteristic time of the turbulent 
system, which is r = 1/8, tends to stay in a finite range. 
We deduce the following inequalities for k and e: 
1 
v(x,t) • ~ x [0,T], A 2 (maxxcn ¢0(x)) 
1 
V (x, t) • 12 x [0, T], A 3 (maxx~n ¢0(x)) 
1 eAt, 
< k(x, t) < a-~bo 
1 eat. < E(x, t) < 
(12) 
SKETCH OF THE PROOF. We consider the weak formulation of the equation on 8 in (4). This 
equation is rewritten on the function v(x, t) = 8(x, t) -bo, and we introduce the quantities G(x, t) = 
(c3F(x, t) - c~(RT(x, t)) -) ,  cs(x, t, bo) = c~ - b20G(x, t) + cgboD(x, t), and b(x, t, bo) = 2boG(x~ t) - 
cgD(x, t). We get 
c3tv + u(x, t)Wv - div(v(v, x, t)Vv) = cs(x, t, bo) - b(x, t, bo)v - G(x, t)v 2, 
where ~(v, x, t) = (CD/Ce)(1/¢(x,  t)(bo + v(x, t)). We study in fact 
OtV 1 + ?/.(3;, t)VVl - -  d iv (v (v ,x , t )Vv l )  = ch(x,t, bo) - b(x,t, bo)vl - G(x,t )v i iv l l ,  (13) 
and we use the following lemma. 
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LEMMA 1. Under the hypothesis 
10tU(Vl(X,t),x,t) > a > O, 0 < V 0 __<~ V(Vl, X, t) ~__ C, 1 -- ~ 
(c) 
D, GEL  2 ([0, T], L°~(~) ) ,u ,  Otu, Vu • L °° ([0, T], L°°(t2)),0_<00 - bo • L°°(t2) n H~(f~), 
we get vt • L°°([O,T],L2[~)), Vvt • L2([O,T],L2(12)) A L °°, O~Vl • L2([O,T],L2(f~)) N L °°. 
The proof of this lemma is in the Annex of [6]. 
We prove that  Vl is positive, which is the result useful for the physical approach of the problem. 
We consider vl = v + - vi-, where v + > 0, v~- > 0. The regularity of Vl allows us to write, using 
the boundary  condition Vl [on -- 0, 
~ ~ 1 ~ v21D(x,t)dx. Vl ~ * V vl dx = - vl div (v1~7) dx =v Vl ~ e V vl dx = -- -~ 
We have a similar equality for vi-. Considering the weak formulation of the equation on vl, valid 
for a test function ¢ • L2(12), and using the a priori est imate vI • L2([0, T], H I (~) ) ,  we get 
£ £ £ 
- £ 
The hypothesis on the boundary value of 0 (between a and A) imply that  cs(x, t, bo) >_ 0 (this 
is a hypothesis on the mean flow and the boundary value of 0). As G(x, t) is positive, we get the 
inequality 
1 d ~ (71)2 dx<C ~ (vi-) 2 dx, 
2 dt 
which gives, using v~(x,O) = 0, that  v i- = 0. Hence, the solution of equation (13) is positive, 
which implies that  Vl is solution of 
Otvl + u(x, t)Vvl - div(v(v, x, t)VVl) = Cs(X, t, bo) - b(x, t, b0)Vl - G(x, t)v~. 
As the diffusion constant is the same, we introduce the difference ~ -- v - Vl, which is solution of 
Ot~ + u(x, t )V~ - div (v(v, x, t)V~) = -b(x, t, bo)~ - G(x, t)~(Vl + v), 
for which the variational formulation and the L °° a priori estimates lead to the inequality (1/2) 
d__dt (ff~ (~)2 dx) _< C ff~ (~)2 dx. Along with the null initial condition, we obtain that  ~ = 0, 
hence, v = Vl, hence, the posit ivity of v. Note that  the equation on vl depends on v. We 
obtained O(x, t) > bo for all (x, t) • f~ x [0, T]. 
The other bound on 0 is obtained in a similar fashion, considering, for example, w(x,t) = 
A - O(x, t) and considering the negative part  of it. 
The bound on ¢ is given by the specific form of the source term in the equation on ¢. We 
introduce f -- ¢ - ao e-~t. We get the equation on f (c = CD/C¢): 
( c v )  Off + u(x , t )Vx f -  div ~ z f  = -S (x , t ,O(x , t ) ) f -  aoe-~t(S(x,t,O(x,t)) - A). 
We use f = f+ - f -  and we multiply the equation by - f - .  We get 
1 d 1 D(x , t ) ( f _ )2dx+c dx 2 dt ( f_)2 dx - -~ 0¢ 
= -£  s(z,t,o(~,t))d~(f-) ~dz +~oe -~ f f-(s(~,t,o(~,t))- ),)d~. 
We use S A <_ 0 and the boundary condition to obtain the inequality 
1 /o £ 2 dt (S-)  ~ dx _< a (S-)  ~ dx, 
which leads to the posit ivity of f because fn (f-)2(x,O) dx = 0. The diffusion term has to 
be treated carefully for this purpose. All the equalities and inequalities come from the weak 
formulation of the problem and of its extension to a variational formulation. 
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4. THE RAYLE IGH TAYLOR 
INSTABIL ITY  CREATES TURBULENCE 
The system of turbulent equations without Rayleigh-Taylor production term, when the mean 
flow is incompressible (div u(x, t) = 0), is 
1 
Ore + u(x, t)VO p(z, t) 
1 
ore + u(z,t)v¢ p(z,t) 
CD 1 ) 
- -  div ~p(x , t )VO =c~-82c3F(x , t ) ,  
- ~ div ~ p(x, t)V¢ = - -¢  [C80-1 -~- 8c6F(x, t)]. 
(14) 
[ (i) 
V (x, t) e f~ × [0, T] 
[ (ii) 
we have ¢1 < ¢o. 
c3F(x,t)  - d3(RT(x, t ) )_  < c5c6 rain F(x , t ) ,  
C8 12 x [0,T] 
c~ (F(x , t ) )  2 max O(x,t) - (RT(x ,  t))_ > 6CsC--- 7 
- -  f l  x [0 ,T ]  
It is the system associated with (6). 
We consider a simpler system than the 8 - ¢ system, namely the system where the viscosity is 
independent of the unknowns. When the viscosity depends on the unknowns, we were not able 
to compare the two solutions because we have no control on the difference of the diffusion terms. 
We thus consider the two following quasilinear systems: 
OtO + u(x,t)~70 - vAO = c5 -- 02 (c3F(x, t) - c~(RT(x, t ) )_) ,  
tote -{- U(X, t )V¢  -- vA¢  = - -¢  [C80-1 -+- 0 (c6F(x ,  t) - c~(RT(x, t))_)] .  (15) 
OtO + u(x, t)V0 - uAO = c5 - 02caF(x, t), 
ore + u(z,t)v¢ - ~A¢ = -¢  [Cs0 -~ + 0~F(x,  t)]. (16) 
Note that both systems are of the type of the systems of Lewandowski and Mohammadi [4], 
as well as of Gomez Marmol and Ortegon Gallego [1]. We prove first a uniqueness result for 
systems (15) and (16), where the eddy viscosity v is constant using the maximum principle. This 
uniqueness result is analogous to the uniqueness result of [4, Section 3.4]. We write the variational 
formulation for the equation on 8. Let 01 and 82 be two weak solutions of the equation on 8. The 
variational equality on w = 01 - 02 implies 
= - /w(81  + 8)Fl(x, t )¢ (x)dx ,  a.e., in t, ~b E HI (~) .  
We consider ¢ = w(., t). We show that fn w(u .Vw)dx  = 0 and we use the positivity of 0 
and 81 to obtain that fn dw ~wdx < 0. As the solution w satisfies Otw 6 L2([O,T],L2(f~)), 
we get fn dw w dx = (1 /2 )~ (fn (w) 2 dx < 0), hence, fn (w) 2 dx = 0 thanks to the initial ~-
condition 01(x, 0) = 82(x, 0) for 01 and 0~ in C([0, T], L2(12)). The uniqueness of 0 is proven. 
The uniqueness of ¢ is a consequence of the fact that it is a linear equation and the same proof 
is explicit. Note that the uniqueness can be obtained as a consequence of the estimate 0, 01 6 
L°°([0, T], L°°(FQ) for a more general source term, which is a uniform Lipschitz function in 8 
for [[8[[~ _< C. Once we have the uniqueness of the solution of both problems, we can compare 
these two solutions. 
PROPOSITION 4.1. Let (01,¢ 1) be the solution of (15) with the boundary conditions (7), and 
let (0 °, ¢o) be the solution of system (16) with the same boundary conditions (7). 
• We have, for all (x,t)  E ~ x [O,T], Ol(x,t) <_ 8°(x,t) .  
• Under the conditions 
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This implies that  k 1 > k ° and el _> e0. Remark that  inequalities (i) and (ii) can be true 
simultaneously only if c3F(x, t) + ((c2~)/(csc~))(F(x,  t)) 2 max 8 < (csc6)/cs rain F(x ,  t). 
We conclude: The term (RT(x , t ) ) _  is a term of production of turbulent kinetic energy. 
The proof of Proposit ion 4.1 is based on the study of f = -81 + 8 °, which is solution of the 
equation 
cOtf + u(x, t )Vz f  - rAy  = [G(x, t) - c3F(x, t)] (81) 2 - c3F(x,  t ) f  (80 + 81), flt=o --- 0. 
The decomposit ion f = f+ - f -  gives immediately d ( f  n ( f - )2 )  < 0, hence, the result. Condi- 
tion (i) allows us to have 81(x,t) >_ (cs/(c6 min F))  1/2, and thus, 8 ° >_ (c8/(c6 min F) )  1/2. We 
write h = log ¢0 _ log ¢1. The equation on h is 
Oth + (u(x, t )  - v [ log¢ ° + log¢1]) Vh-  yAh  = cs (01) -1 
+ c6F(x, t)O 1 + c~( -RT_)  - c~F(x, t)O ° - cs(O0) -1. 
Condit ion (ii) ensures that  the left-hand side is positive, hence, by putt ing h -- h + - h -  
and h - (x ,  0) = 0, we obtain h -  = 0. The sketch of the proof of Proposit ion 4.1 is complete. For 
further details, see [6]. 
REFERENCES 
1. M. Gomez Marmol and F. Ortegon Gallego, Coupling the Stokes and the Navier Stokes equations with two 
scalar nonlinear parabolic equations, Math. Modell. Num. Anal. 33 (1), 157-167, (1999). 
2. B. Mohammadi and O. Pironneau, Analysis of the k-6 turbulence model, In Research in Applied Mathematics, 
Volume 31, Masson. 
3. R. Lewandowski, ModUles de turbulences et &tuations paraboliques, C. R. Acad. Sci 317 (I), 835-840, (1993). 
4. R. Lewandowski and B. Mohammadi, Existence and positivity results for the 4>-0 and a modified k-e two 
equations turbulence models, Math. Models and Methods in Appl. Sci. 3 (2), 195-215, (1993). 
5. S. Gauthier and M. Bonnet, A k-e model for turbulent mixing in Schock tube flows induced by Rayleigh 
Taylor instability, Phys. Fluids A 2, 1685-1694, (1990). 
6. O. Lafitte, R~sultats math4matiques connus sur le module k-e et extensions, Note CEA 28~8, (May 1998). 
7. D.C. Wilcox, Turbulence Modeling for CFD, Chapter 4, Second Edition, DCW Industries, (1998). 
